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The effects on apparent rotational temperatur«(of OH) of 

1 2 temperature gradients   and of spectral line-shape,    coupled with 
2.3 

varying degrees of self-absorption,     have been described 

for representative systems.    If: is the purpose of the present calculations 

to amplify the conclusions drawn previously in several respects by 

presenting additional numerical results particularly for simplified models 

of low-pressure and atmospheric - pressure flames. 

The calculations emphasize the fact that definitive conclusions 

regarding interpretation of flame spectra are not easy tc obtain 

by use of conventional low-r««olution spectroscopic studies of flames. 

Multiple path experiments or absorption studies with discrete line 

sources appear promising provided they are restricted to conditions 

under which the spectral line-shape is known.       Alternately,   the use 

of interferometric studies may be indicated. 

I. Effect of JLine -Shape and of Self-Absorption on the Use of 
the Isointensitv Method3 for Isothermal Systems. 

Q 

According to the isointensity method the temperature of a radiator 

is obtained from a comparison of two spectral lines which are of equal 

intensity.    Let A(K) be the total intensity of the line identified by the 

S. S.  Penner, "Quantitative Studies of Apparent Rotational Temp- 
eratures of O'-T in Emission and Absorption (Spectral Lines With 
Doppler Contour)",  Technical Report No.  5,  September 1952; Journal 
of Chemical Physics (in press). 
S. S. Penner, "Effect of Spectral Line-Shape on Apparent Rotational 
Temperature* of OH",  Technical Report No. 8,  November 1952; Journal 
of Chemical Physics (in press). 
G.   H, DiekeandH.  M.  Crosswhite,  "The Ultraviolet Bands of OH, 
Fundamental B«?.ta," Bumblebee Series Report No.  87, Nov.   1948. 
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i index K.   Then, for spectral lines with Ooppler contour, 

A(K)/A(K') * [W*>/WK'>]   [V£u(K)/U^K')lx[^(K')/^(K}]    (1J 

where •LBAX(K) is the peak intensity emitted from the   K'th line, 

\)g^(K} is the frequency at the line center of the K'th line, and IE; (K) 

is a known function of the value of   P        X for the K'th line, where max 

P is the maximum snectral absorption coefficient and  X   is the max 

,. optical density.   The line-shape for combined Ooppler* and collision - 

broadening is described by the parameter 
r 

a = 0>N + b^) Un 2)1/2/bD (2) 

w lie re   «*«•»  «~» *uu bj-j denote,  respectively, the natural, the collision, 

and Doppler half-widths.   In general  bN ^^b,, and  a — 0    for pure 

fl-v Doppler "broadening. 

In order to emphasise that Eq. {1} applies to spectral lines 

with Doppler contour we shall write it as 

A(a = 0. K)/A{a = 0, IV) =   [^(a = 0. Kj/l^a = 0. K')] 

» The effect of line-shape, under isothermal conditions, on the 

use of the isointensity method may be determined by evaluating the 

ratio  A(a,K)/A(a, K1}.    This result can be obtained most conveniently 

by using Eq. (la) in conjunction with the "curves of growth". 

o 

4  E. M. F. van der Held,  Se  Physik 70, 508 (1931);   A Unsold.  Physik 
der Sternatmospharen,   p.  168, J. "W". Edwards,, Ann Arbor 19*33? 
for an extension of the curves of growth to larger /alues of the line- 
shape parameter a,  see S. S. Penner and R,   W   Kavanagh, Technical 

'<*' Report No. 6, Contract Nonr-220 (03), NR 015 210, California 
Institute of Technology, September 1952, or Journal of the Optical 
Society of America (in press). 

\ 
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Qp The ordinate of the curve of growth is proportional to A(a, K) 

for P_,LV_ X<K).    Thus the ratio A(a, K)/A(a = 0, K) can be obtained 

simply by reading the ordinate corresponding to the known value of 

pnsa* X<K>*   Final*y» t*»« quantity A(a, K)/A(a, K*, is obtained by 

writing 

A(a.K)/Aia,K«) =  j JA(a.K)/A(a = o, K))/ ^(a.K«J/A(a = 0, K')]\ 

x |A<a  s 0, K)/A(a = 0, K')J . (3) 

The results for   K' = 1 of representative calculations at 3Q00°K, 

using Eqs. (la) and (3) together with the "curves of growth"   [for the 

P, -branch of the ~£ —* 2"JT    transitions of OH, (0, 0)- bandj ,   are 

plotted in Figs.  1 to 3 for  a • 0.005, a • 0.05, and a = 2.  respect- 

fT\ ively.*  The self- absorption parameter   £' again refers to the value of 

1 - exp (-P X) for the first line of the P. "branch and assumes the e *     max    ' 1 

values 0.3, 0.7, and 0.95. 

In order to illustrate the combined effects of line-shape and 

self-absorption on lines of equal intensity, from which conclusions 

might be drawn concerning the "temperature", the results listed in 

Table I may be consulted.   In Table I  the lines of intensity closest to 

the intensity for K = 3 and K = 6 have been tabulated for different 

values of  <£,' and of a.      Reference to the data shown in Table I 

indicates a large effect of £J   for 3 mall a,    but the results are quite 

insensitive to  <£.'   for large a.      Hence the conclusion is reached that 

self-absorption errors become more important as the pressure is 

reduced, i.e., as a    is decreased.   A more quantitative conclusion 

<2* 

*   The author** »*e indebted to Mr. N. Schroeder for performing the 
numerical calculations. 

I 
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is justified only if absolute values are koewn for a   in flames, which 

is cot the case at the pie sent time. 

Table X.        Effect of  £,'   and  a   on Lines of Equal Total Intensity. 

• i* ill m*mmw*m*mmm*mym*mmWK*mWMmmWmmmmmmW$mWmwm^^ 

K. value of line with intensity closest to  K * 3 for 

£• * 0.3 C% * 0.7 £•   = 0.95 

14 16 

14 16 

13 14 

K value of line with intensity closest to   K = 6 for 

**s   — A   * J?*    —  R   9 ^1   —  rt   Ofi Q     •  U. ^ Q'   « W. • w-    =  G. "5 

a s 0.005 13 

a a 0.05 13 

a «2 13 

a =0.005 10 11 14 

a = 0.05 10 11 13 

a s 2 10 10 10 

Because of the ambiguity in matching lines of equal intensity 

for small values of a   and large values of <S' the isointensity method 

cannot be used, even for isothermal systems, at low pressures unless 

independent proof is provided that <£' <.<-0. 3, 

If <S*   is sufficiently small then it can be shown that 

A(a,K)/A(a,K«) = S^ <K)/S^U(K') (4) 

where   Sj   (K)   is the integral of the spectral absorption coefficient 

for the   K'th line.      Here   S^(K> is given by the expression' 

c 
S. S.  Penner,  J. Chem.  Phys.  20, 507 (1952). 
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^ x 8/uW « 164**/3<C3> Nu(K)[yiu (K)]4[~^(KJf / *f° jvJu<K)]      (5) 

^kusre   c * velocity of light; N   = number of molecules per unit volume 

per unit pressure in the upper energy state; V*     = frequency of the 

emitted or absorbed radiation at the center of the line, which is 

obtained from the Bohr frequency relation; q *    = matrix element 

corresponding to transitions between the two given energy states; and 

p   (VQ  ) - volume density of blackbody radiation at the frequency 

\)a     as given by the Planck distribution law.   The quantity  N (K) may 

be replaced by  NU(K) = Ng^K) [exp (-Eu<K)/kTu)j /Q  where   N = total 

number of molecules per unit volume ner unit pressure,    g. (K) = 

statistical weight of the upper energy state involved in the given trans- 

ition.    Q s complete partition function, and the expression for Stf„(K) 

may be rewritten as 

SyJK) x (64TI*/3c3) N g^K) Jv^u <K)J 4 [ qA (K)] 2 

x fexp [- Eu(K)/kTuj] CrV1 [/TVjhWjY  -        (5a) 

o 

Hence, for lines of equal intensity, 

S .„<K)/S/u(K') = f pj rfJKJ] 4   g,,<K) UoJK??} 

xj>°[\)8u(K'}]}(/r^u(K)3yl 

x e*p f-  [EU(K) - EB(K-)] / kT„ j * 1 (6) 

PI 
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Put 

(/0N»«K'>]J^<K']}"1 • [^»«E'0T^»(K']'3 

1 

4V^K,)]3[Vi«(K>]3 

x exp [(h/kTu) [V^JK) - V^K')] j   . 

Substituting this relation in Eq. (6) we obtain 

_ xexp^E^KJ-EJK')]/^ 

x exp r<h/fcTu) [VJ2U(K) -y| U<K')] j (6a) 

In this last expression every quantity is known for a given pair 

of line8, except the temperature   T  .   Hence Eq. (6a) can be used to 

obtain   T     as 

T    = *u 
fEu(K) - Ett(K')]   + h[ V A   (K) -    y^u(K')] 

r%gj   8u<K>>   t^u<K'>3"   \ (6b) 
i , _—- f k Jtn 
(Vj.W g^K)   [q^u(K)J ) 

This principle i« used in conventional isointensity methods for measuring 

temperatures although the approximation \)g  (KJcs-V*   (K?) is usually added 

It is clear from the proceeding discussion that the practical 

use of Eq   (6b) depends on the identity of A(af K)/A(a, K')   with 
SJ^J(K)/S^U(K').    The limitations concerning this relation have been 

discussed in connection with ^igs.   1 to 3 and Table 1. 



c-. II. Two-Path Experiments for Non-Isothermal Regions 
(Spectral Lines with Doppler Contour,  Peak Intensities). 

Calculations which are made in thie section correspond to the 

assumed experimental arrangement illustrated in Fig, 4. 

To Spectrograph 
««  

————— i 

P        'X' max P   „    x 
max P        'X« max 

T, T T' 

Symmetrical Flame Mirror 

Fig.  4.     Schematic arrangement of two-path experiment fo* a flame 
represented by two isothermal regions. 

f) 
The OH concentration is treated as a variable parameter both in the 

hot region   f C/= L* * axP ("P   a    X)J [   •*"" *n *"8 cool region 

}£'    = fl - exp (-P        'X')ll .- I* is physically reasonable to assume 

£'£ L. 
Calculations have been carried out for peak    intensities and 

for spectral lines with Doppler Contour.    Peak intensities,  even for low- 

pressure flames with Doppler-broadened lines,  have not been measured. 

3ucb measurements might be possible with an interferometer.     In part- 

icular, it is clear that the results of the present calculations do not apply 

to observational data obtained with a low-resolution spectrograph. 

Referring to Fig.  4 the peak intensity I for the spectral line 

whose center lies at  V n    may be written as follows: 

\ 
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(^ 

I - R'(^u) [l - exp (-P^'X')]   + R<tyu) [l - exp C-PmaxX)] cxp«-Pmax'X') 

• *' (%) I - «P <-*WX,>j   «P <"Pmax X* *** ^max'3^ 

+ * {*' <%> [l " «* <-FmaxX,l! «* <-2 Pmax X'> «* *"PmaxX> 

+ R CV^U) [l - exp (-Pmax X)J exp (-3 P^'X-J exP (-P^ X) 

• »' H>£tt) B - «p (.P^X')]   exp (-2 Pmax X) exp (-3 P^'X'); (7) 

where   r   is the reflectivity of the mirror and the other symbols have 

LUYZXA     U8UB A    UlVfUlUg* •Him WPX1    % «   /    ***«-• j     »^w     ft-*» w# *Mrtp*p   *U    *•*-*>*    AVA«M 

(0 I r« R- ( VJL) ft - exp (-P_    'X')] 

i 1 + exp (-P X - P 'X') + r   exp (-P X - 2 P        ^X1} r *     max max      y r *     max max 

+ rexp«-2PmaxX-3Psn • X')j nax       ' i 

- - , Kjgu; L» - exK I-* max «/j  e«J> [-* „„,,,  * J 

[l + r   exp(.PmaxX-2Pmax'XM). (7a) 

Using Planck's blackbody distribution for R( Vj>) it follows that 

R' (Vifu)/R( l%n) = expf- (hV^u/k) [<1/T«) - (1/T)J j . 

Hence Eq. (7a) becomes 
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fj 

\ 

X') I/R <Viu) -   [i - «P (-P^ X)J    exp (-P max' 

|l + rexp(-PmaxX.2Pmax'X',j 

+ exp f (hViu/k) [(1/T') - (1/T)]   [l - exp i-P^X')] 

xfl + exp(-P   „    X-P        'X') + r exp (-P X -2 P        'X') ) r *     max max      ' r *     max max      ' 

•»   e«P("2PmaxX-3   Pmax'X,>V  • (7b) 'X')\ 

For reasonable values of T and T' ^r.d for unit reflectivity of the mirror 

ma  nhtain- 

i^R(v^u)6 (i - £') [i + d -6)0 -6')2] (8) 

p If I1 represent the intensity for the single path, then  I'— R0J^U)& (1 -£/) 

whence 

i/rat i + (i -&)u -£')2. (9) 

The observable ratio   i/l: has been calculated <*a a function of 
v 

fi<aav X- for various values of 6(K = 1) and  &'(K. a 1) for the Pj- branch 

2 2 and    2 "*    IT     transitions of OH.    Results are plotted in Figs. 5 to 3. 

Reference to Figs. 5.to 8 shows that the intensity ratio   I<K)/I'(K) ip a. 

very seneitive function of the self absorption parameters   c and £'. 
It is clear that the intensity ratio for two-path experiments would be a much 

less sensitive function of  &   and   £'   for measurements of total intensity. 

The important result derived from the present calculations is 

that; even for values of   £,   as small as 0. 3 the ratio    I(K)/3(X')   is 

JT> appreciably less than two for the stronger lines.    In other words, a 
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o two-path experiment measuring-peak intensities is a relatively 

sensitive device for studying self-absorption and temperature- 

distortion quantitatively.    As will be shown in the following Section III , 

this last conclusion applies also to absorption experiments in which 

peak intensities are measured; 

o 

III.        Absorption Experiment for Non-Isothermal Regions (Spectral 
Lines with Doppler Contour,  Peak Intensities). 

Because of the experimental difficulties arising from inadequate 

resolving power in the   measurement of peak intensities for two-path 

experiments, it is of interest to consider the use of absorption 

experiments using discrete line sources. 

Calculations which are made in this section correspond to the 

assumed experimental arrangement illustrated in Fig. 9.    The light 

source radiates at the center of a given spectral line as a blackbody 

at the temperature T  . 

P        'X* max max 

T 

r..    :X: 

Max 

T« Light source emitting 
discrete lines. 

P 

Fig. 9.     Schematic arrangement of absorption experiment for a 
flame represented by two isothermal regions. 

Referring to Fig. 9, the transmitted intensity I for the spectral 

line whose center lies at    "V^£„   may be written as follows: 



8 -ii. 

o 

.0 

tax    ' 

+ R(T)   fi - exp (-P_^X)1 exp <-P_„  «»| 

^ r        .    : 1 
+ R   (T'> i 1 - «*p (-P 'X') I exp (-P_._X - P 'X'). (10) 

For    T8»  T, T»   and. exp (-Pj^X}, exp ( P^'X') << 1. 

I * R(T ) exp (-2 P *X« - P   .  X). (10a) *   a'     w *        max max   ' '      ' 

From Eq. (10): 

I/R(T8)Sexp(.2Pma-X.-PmasX) 

+ R(T«)/R(T8) [i - exp (-P^^X*)]  [i + exp l-F^X - P^X-] 

+ RfTWRfT   \   ll - exp f-P Xll exo <-P «X»\ HOhJ ' ,*  ^       ----- i     max   'j     ' ' " max " ' *—c 

or 

I/R(T.) = exp (-2 P       «X! ~ P X) 1   e' r * max max    ' 

+ exp(-(h ^u/k)[(l/T'Hl/T8n[i - exp (.Pm«X'}] 
xTl - exof.P X - P «X«3 jL r       max max 

+ •«p[-<hyitt/k)[(l/T«)-(l/TBi[j[l -expC-P^xij «qK-Pmax*»). 

(10c) 

][ti general we may neglect the radiation from the region at temperature 

T' and use the relation 
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+ exoj- (h ^/k) [(i/T)- (l/Te)]J [l ~ exp (-P^X)] exp (-P^'X') 

«(I - £*Al -&)+ 6(1 -£•) expf -<hW /klia/T) - <l/T ill . UOdl 

If   T    "^ • T-   ft5 SJSS'gjId :36 the CftSS *OT £ "Odd fefeSOSStteS gyggJSBSSJI 

than 

exp f-Cttjfc/k) [<1/T) - d/T#)]\ 3t exp (-h\>£u/kT), 

But htf/k « hco/fc « 1.432« and exp(-hl£u/kT)srexp<-l. 432x30, C00/3000):tfexp(-14). 

Kenee far   T   »T   Eq*   (10dJ s«a.y b.a «rr|tt»« *« 

I/IKT^aMl-6')2<1-6). (") 

Comparison of Eqa. (9) and (11) shows that the transmitted 

int«t»sjtir divided b*» the incident intensity from a discrete line souree is 

nearly equal to l/V - 1   where  I/I'   is the ratio of the intensity of the 

flame for a double-path experiment to ih*» intensity of the flame for a 

single-path experiment.   Figures (5) to (8) may then be reinterpreted 

in such a way that   I/I' • 1 represents the absorptivity of the flame for 

discrete radiation. 

Since  I/I1   or  l/V - 1, for measurements of peak intensities, 

are very sensitive functions of the self absorption p&;&£u6ie7S <S> and £'. 

it follows that  I/R(Ta)   is also a sensitive function of £ and d1.   Unlike 

peak intensity determinations in two-path experiments, the discrete 

line source experiment may be feasible with ordinary spectroscopic 

apparatus w using as source   OH  in a discharge tube or else an ex&lted 

n 
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metal, lias which coincide* exactly with A line of OH. *  In this connection 

lit   **>    Ut    *!*«-»* CfHtr   IV    UW»«    UW'.    Vii«i     JVU^.   7fJTk     MMW   VI    »Wi|*M!U   IMlUHUVo 

with the 10' line el the (0,0) hand, 2jT —*   2TT transitions of OH. 

ilV.        Two-Path Experiments for Non-Isothermal Regions (Spectral 
!.**»»» with. CscshJLaed I?©****!*? and Collision ByssdeslBgalS^'^^'***'1 

The calcnlations summarised in this section again correspond to 

tjhe exportrooffilai a?ra*»«eEaesi illustrated, is £*is. 4 of Section U.      The 

parameter   P most now be replaced bv  P(6)J   1 where   PIDs 1, the 

spectral absorption coefficient at the line center, is to be evaluated 

for combined Doppler- &ad collision- broadening.   The quantity  P(65/   ) 
A 

is related to  P—-     *nd a   through the expression 

pfc)4u> * Pmax  [eJ*>2> J [«•* <a>] <12> 

wlinr^Jl-n-J 
where 

.   . .     T *I/2tl    M .2. 
ax. 

Equation <9) may be rewritten as 

!/!• atU(i -6D-C) (1 -C'D.C)2 <9a) 

where 

^tf-C   * l " «*   [*<Pmax Xi eTfc (a) *** <•*>]• <l3) 

6'D-C S l - oxp [" (WX,) eric (a,) exp <a' 2,J * <13a) 

and a' represents the line-shape parameter for the gases at the tempera- 

ture   T*. 

*  Absorption experiments using discrete Uses as source have been 
considered at various times by most of the active workers in 
eomburtion spectroscopy. 
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The ratio  I/I'   has been calculated for  a' • a ranging from 0 to 

10, £(K=l)«0.7,   & *<K e 1) « 0.1 and 0.5, for the Pj-branch, (0, 0)~ 

band and     £ '"* ' 7T transitions of OH.   Results are plotted in Figs.  10 

and 11.   Reference to Figs>  10 and 11 shows that two-path experiments 

wit! yield ?esulfs wf*ich *?e sensitive functions of the line shaps para- 

meter  a , with distortion of experimental data by self-absorption 

diminishing as the numerical value of a    is   increased, under otherwise 

comparable experimental conditions. 

V, Peak Absorption Experiments for Non-Isothermal Regions 
(Spectral Lines with Combined Doppler and Collision 
oroaovMngi 

Calculations in this section correspond to the experimental 

arrangement illustrated in Fig. 9 of Section III with   F replaced by 

OP(60tf  ).   Here   P|0>#„)  again depends on  P and a as shown in 
JCU                                                        ,VU               ~                                                                             1IWA — 

Eq. (12). 

Equation \ 1 *) now becomes 

1/R<T8)2S <1 -£D_C)(1 -t'^.c)2 (Ha) 

where       £ ^ ,.    and     6;-»_r   have been defined in Eqs. (13) and (13a). 

Comparison of Eqa. (9a)  and  (Ha)   shows that  I/RT. - I/r - 1   is 

obtained simply by reinterpreting the ordinates of Figs.  10 and 11. 

Hence the same conclusions apply to absorption experiments with discrete 

sources as to measurements of peak intensities for two-path experiments. 

,o 
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